Temporal waveform manipulation is a fundamental functionality in optics and crucial for applications like optical communications 1 , microwave photonics 2 and quantum optics 3 . Traditional IQ-or phase-amplitude modulators shape light by carving energy from the input lightwave using two nested interferometers containing electro-optic phase shifters 4 . This process is inherently lossy ? , preventing its usage in fields such as quantum optics. In addition, if a single IQ-modulator is seeded with multiple lightwaves, each line is modulated with an identical envelope which shape and bandwidth is upper limited by the electrical driving signal. While highly desired, no scheme capable of either implementing an arbitrary unitary spectro-temporal transform nor enabling independent modulation of spectrally separated inputs exist. Here we demonstrate a novel modulation technique using multiple segments of arbitrary phase modulation and dispersive all-pass filtering to temporally redistribute the lightwave energy. Avoiding energy carving, the proposed method implements a general unitary spectro-temporal transformation, i.e. a unitary transformation between an arbitrary temporal input and a desired output vector. In addition, it is capable of simultaneously encoding independent arbitrary waveforms onto spectrally separated light waves in a single spatial mode. We verify the applicability of the proposed method using three proofof-principle experiments, all demonstrating previously impossible functionality by generating pure intensity modulated, spectrally shaped and broad-band multi-wavelength signals using phaseonly modulation. Previous techniques capable of implementing unitary spectro-temporal transformations have been limited to using highly restricted set of transformations realized via temporal imaging 5 . Overcoming the losses associated with standard IQ-modulation opens endless possibilities of scientific and technological development in fields relying on general temporal manipulation of waves. Furthermore, the ability to apply independent modulations to orthogonal temporal input vectors without any demultiplexing technology 6 , enables vastly new perception on exploiting integrated optical combs and laser arrays for multi-wavelength and large bandwidth signal generation.
In a general sense, temporal modulation can be considered as a transformation between an input temporal sequence or time-vector and a desired corresponding output vector. To fully control the light field it is necessary to manipulate both the phase and amplitude of the input lightwave. Using IQ-modulators, the modulation process exhibits a fundamental minimum loss of 3 dB due to the required combiner while in practice losses often exceed 10 dB 7 . Moreover, multiple spectrally separated input waves cannot be modulated independently without separating and modulating the input waves in parallel using multiple modulators. While multiple new integrated material platforms, such as Lithium Niobate on insulator (LNOI) 8 , plasmonics 9 , or organics 10 , as well as integration of parallel modulators and wavelength multiplexers to create the ability to flexibly manipulate inputs with many spectral lines 11 , has allowed for increasing the total bandwidth, these devices still rely on the classical principle for IQ-modulation prohibiting unitary operation.
As an alternative, researchers have taken advantage of the broad bandwidth inherent to optics to enhance lightwave manipulation via all-optical signal processing 12 . One of the most fascinating aspects of optical physics is the so-called space-time duality 13 ; the phenomenon that the propagation of light beams in space governed by paraxial diffraction, and linear propagation of temporal optical pulses in waveguides governed by narrowband dispersion, are described by mathematically equivalent equations. The the most basic manifestation of the space-time duality is arguably frequencyto-time conversion via dispersive propagation 14 , the time equivalent of Fraunhofer diffraction. However, sophisticated applications typically rely on the so-called timelens concept 13 , as illustrated in Fig. 1a and b. Equivalently to the quadratic spatial phase modulation performed by a thin-lens, a temporal lens or time-lens can be constructed by a quadratic phase modulation in time 5 . Time-lenses have been used for ultra-fast waveform characterization 15 , time-to-frequency conversion of data signals 16 , temporal magnification and compression 17 , temporal cloaking 18, 19 and ghost imaging 20 . While a timelens "temporal imaging" system can be seen to perform 
FIG. 1: a)
Illustration of the working principle for a) a standard spatial "thin lens" and b) an equivalent "time lens" using quadratic dispersion and quadratic phase modulation. Although being the most used tool, the "time-lens" implementation only represent a strongly restricted spectro-temporal transform. c) Principle of implementing an arbitrary unitary transformation using generalized time lenses. In contrast to the lens-based approach, neither the phase modulation nor the dispersive propagation is restricted to being quadratic. Instead, N arbitrary phase modulation, φ i (t) and general dispersion H i (ω), which can be any all-pass filter shape implementing a dispersive delay, are used to reshape an input CW laser to a target output field. d) Proposed multi-wavelength arbitrary unitary temporal modulation structure consisting of N segments of generalized time lenses. By seeding the structure with spectrally separated laser lines and jointly optimize the phase modulations φ i , i = 1, 2...n, independent waveforms can be encoded onto each line. This novel application allows for exploiting modulation bandwidths vastly larger than the driving electronics.
a unitary spectro-temporal transformation, a given lensbased imaging system can only perform a specific transformation with little tunability. Moreover, the type of transformations that can be implemented with time-lens systems are limited. In particular, a transformation that corresponds to arbitrary temporal reshaping, such as the generation of a long random temporal pattern with a target pulse shape from a CW input, which underpins data modulation, cannot be implemented with such a system.
Here, we show that by extending the concept of spacetime duality and taking inspiration from the unitary adiabatic transformation between spatial modes based on multi-plane light conversion (MPLC) 21, 22 , it is possible to implement a general unitary temporal transform, that enables completely arbitrary reshaping and waveform generation in the temporal domain. Analagous to the MPLCs structure, a cascade of spatial phase manipulations intertwined with dispersive free-space propagation, our modulator is a cascade of temporal phase modulations and all pass dispersive filtering as conceptually illustrated in Fig. 1c . Each stage can be viewed as a generalized time lens where both the temporal and the spectral phase modulation can take on an arbitrary shape. By cascading multiple stages and jointly optimizing the temporal phase modulations (the spectral modulations are fixed by the dispersive elements), an adiabatic transition corresponding to a unitary spectro-temporal transformation can be realized. Determining the modulations requires "inverse design"/adjoint optimization techniques which are reviewed in 23 . The principle behind this operation is that the spectral components generated by the phase modulation of one stage are temporally reorganized into amplitude (and phase) variations by the dispersive all-pass filter. In contrast to the IQ-modulator, the input energy is temporally redistributed and the method is thus in theoretically lossless because it avoids any carving loss and splitting losses.
Since each spectral component experiences a unique delay it is possible, for example, to simultaneously apply independent modulations to orthogonal temporal input vectors without requiring demultiplexing technology. This feat, as illustrated in Fig. 1d , is fundamentally im- The multi-stage arbitrary waveform generation using only phase modulation and dispersion was implemented using a recirculating loop with time-interleaved phase modulation. b) Generated 20 Gbaud intensity modulated waveform using 3 stages. c) Generated 15 Gbaud QPSK waveform shaped using 8 stages. Both the intensity modulated and the QPSK waveforms were shaped with a 1% root raised cosine filter.
possible with traditional IQ-modulators. Furthermore, it directly contradicts the assumption that manipulating lines from a frequency comb source requires wavelength separation and independent modulation of the lines in a parallel structure followed by wavelength combining and hence provides new essential insights to multi-waveform manipulation.
We demonstrate the capability of the proposed modulator with three proof-of-principle experiments. In all cases, we choose to generate signals which encode fully random information onto an input CW laser, representing the most challenging case of arbitrary waveform generation or temporal reshaping. We note that our technique is a generalization of 24 , which was proposed numerically for single waveform manipulation in the context of quantum optics. This work expands our prior work on single channel waveform manipulation 25 .
In the first two experiments we show that our multistage spectro-temporal waveform reshaper can perform similar operations to a conventional IQ-modulator by generating chirp-free intensity modulated (on-off keying, OOK) and narrow-band, pulse-shaped quadrature-phaseshift-keying (QPSK) signals with random data. Finally we to show that our device can simultaneously encode different information on multiple separate wavelength carriers by reshaping three input lines from a frequency comb to independent random output pulse-shaped QPSK waveforms.
First, we generated a 20 Gbaud intensity modulated OOK signal from a CW laser centered at 1550 nm as shown in Fig. 2b . The spectro-temporal transform in this case consisted of only three stages. The spectrum and temporal amplitude and phase of the waveform after each stage is shown in Fig. 2b . The output signal contains pure intensity modulation, a rectangular spectrum, and the calculated correlation between simulated and measured waveforms is about 88%, which is excellent considering the experimental uncertainties.
To demonstrate the capability of our device to generate modern coherent communication signals, we generated 15 Gbaud QPSK signal, as shown in Fig. 2c . While in principle it is possible to create a QPSK signal with only phase-modulation, such a signal would be highly chirped with a broad, non-rectangular spectrum as pulse-shaping cannot be implemented. We used eight stages with the output after stage 1,3,6,8 shown in Fig. 2c . We observe an excellent agreement and a correlation of 86% between the measured and target waveforms, particularly complete suppression of the DC carrier, indicating that all the energy is successfully redistributed to form the target signal. A density plot of the output constellation is shown in Fig. 2c .
The results convincingly demonstrate the capabilities of our device to perform the functionality of an IQ modulator -amplitude and phase modulation with pulse shaping (i.e., rectangular spectrum). However, there are both numerous other fascinating aspects and challenges associated with this modulator. One such aspect is the that increasing the modulation rate by a factor of 2 reduces the dispersion required by a factor of 4. Similarly, because our technique relies on energy redistribution, generating long sequences of zeros would require a large number of stages but such patterns are usually undesired and communication systems employ special coding to avoid them.
In the final demonstration we modulated three lines from a 33 GHz spaced optical frequency comb with independent data simultaneously. Note that a comb is not essential and independent lasers on a corresponding grid could also be used. The driving signal to the phase modulator was bandwidth limited to about 20 GHz, as for the single channel case. Still, the output signal spans a total bandwidth of 90 GHz, far beyond the capability of a conventional 20 GHz IQ-modulator and the bandwidth of our electronics 23 . Similar to the single channel case, target waveforms were 15 Gbaud RRC-shaped QPSK and we used 8 transformation stages. The signals are designed such that each wavelength channel is modulated with an independent random data-pattern at the output. The temporal phase-masks are found by expanding the waveform matching criterion to jointly minimize the error for all three output channels 23 .
We observe good agreement between the measured and simulated waveforms in Fig. 3 with a correlation of about 85% for all three channels. The output constellation diagrams also verify that each channel successfully generated a high quality waveform. In addition, we calculated the cross-correlation between the output spectrally separated waveforms to verify their mutual independence 23 .
The performance of the individual channels was comparable to single channel modulation, despite using only 8 stages to generate the broadband output waveforms. We do observe a larger residual DC tone in the output spectrum in Fig. 3 compared to Fig. 2c , which we attribute to polarization mode dispersion (PMD) in the experimental setup 23 .
These three demonstrations show how the method is capable of reproducing the functionality of traditional modulators, without their inherent losses. Moreover it is able to generate arbitrary waveforms with bandwidths greatly exceeding the modulator electronics, which allows to simultaneously modulate multiple spectral inputs with different signals, a feat which so for has been impossible without spectral demultiplexing. Implementing our method in an integrated photonic circuit could enable direct application of the concept in various scientific contexts without the specific limitations of our setup. In combination with recent breakthroughs in integrated frequency comb generators 26 and LNOI modulators 27 , our technique could be exploited to create a micro-scale device with both the multi-channel light source and the temporal reshaper on the same chip. Previous demonstrations in optical communication 28 , waveform manipulation in microwave photonics 2 , broadband waveform generating using waveform stitching 29 and multi-qubit quantum network with spectral modes 3 all relied on wavelength demultiplexers (often off-chip) and parallel modulators. Exploiting the proposed method could significantly reduce losses, complexity and footprint which would greatly accelerate the quest for an highly compact broad-band arbitrary waveform generator which has been the focus of intense research in the last decade. We therefore believe the technique has wide ranging applications in optical fields where temporal manipulation of light is desired, including communication and quantum optics. As the technique is based on the fundamental properties of waves, its use is not restricted to optics and could find interesting applications in other fields which rely on temporal manipulation of waves, like wireless communication or acoustics.
Methods
Target waveform selection All the target waveforms consisted of a sequence of randomly selected constellation points. In the case of pure intensity modulation using on-off keying, the symbols x i ∈ [0, 1] and x i denoting the i:th transmitted symbol. Similarly, the quadrature phase shift keying (QPSK) signals used four equally distributed points according to
]. To furthermore challenge the waveform generator, we shaped the target waveform aggressively using a root-raised cosine (RRC) filter with a 1% roll-off factor. The RRC filter limits the excess signal bandwidth to β · Rs (β = 0 corresponds to the case of a perfect rectangular spectral shape) where Rs denotes the symbol rate. As both the time duration of the impulse response and the peak-to-average signal ratio increases significant when β decreases 30 , generating aggressively bandwidth limited signals is significantly more challenging than traditional signals with a rectangular pulse shape.
Waveform optimization The temporal phase modulations to generate a desired output waveform can be calculated by adopting techniques from spatial MPLC and nanophotonic inverse design techniques such as adjoint optimization. We modified the wavefront matching algorithm 31 to design the phase masks. It is a very physical/intuitive algorithm that compares the forward propagated inputs to the time-reversed outputs at each phase modulator and is described in detail in 23 .
Importantly, the signal-to-noise-ratio (SNR) of the generated signal depends on the number of stages and quality of phase masks. In addition to restricting the available optimization space by reducing the number of stages, an additional SNR degradation will arise from including practical experimental constrains. In our case, these were mainly given by the limited voltage swing (about 0.8 Vπ in our case) and the quantization of the driving signal from the DAC. We do note that the structure of the device inherently allows for trade-offs between the applied phase modulation and dispersive all-pass filtering. In the limit, a device could be designed to only use binary phase modulation and instead exploiting additional reshaping stages, highlighting a key trade-off of the proposed modulation design.
Experimental setup The experimental setup uses a recirculating loop to emulate N stages from a single phase modulator and dispersive element. It is shown in Fig. 2a and described in detail in 23 . To be able to dynamically change the number of stages and capture the field after each stage during the reshaping process, we implemented the structure in a recirculating loop and the stages are therefore temporally multiplexed. The temporal phase modulations were applied with a 30 GHz phase modulator (PM) driven by a 60 GSample/s digital-to-analog-converter (DAC) with 6 bit resolution which was time-synchronized to the loop switches. A conventional dispersive fiber Bragg grating with -1321 ps/nm dispersive delay, was cascaded with the PM to implement the spectral phase modulation and complete the stage. In addition, an erbiumdoped fiber amplifier (EDFA) compensated the insertion loss of discrete components in the loop and a 3 nm wide optical filter was used to remove out-of-band noise 23 . The total roundtrip time was about 350 ns, corresponding to ∼ 70 m of fiber propagation. The maximum length of each generated waveforms was therefore about 20000 samples. Note that for the three channel demonstration, each channel waveform is limited to 20000 samples, independent of the bandwidth.
For the single channel experiments, the waveform was measured in homodyne configuration using the seed laser as local oscillator (LO). For the multi-wavelength experiment, the waveforms were measured sequentially using a single laser as local oscillator which frequency was tuned to match the grid condition as the receiver bandwidth was limited to 16 GHz and hence only allowed for sequential detection.
